We evaluate European financial options under continuous cumulative prospect theory. Within this framework, it is possible to model investors' attitude toward risk, which may be one of the possible causes of mispricing. We focus on probability risk attitudes and consider alternative probability weighting functions. In particular, curvature of the weighting function models optimism and pessimism when one moves from extreme probabilities, whereas elevation can be interpreted as a measure of relative optimism. The constant relative sensitivity weighting function is the only one, amongst those in the literature, which is able to model separately curvature and elevation. We are interested in studying the effects of both these features on options prices.
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Introduction
Prospect theory has recently begun to attract attention in the literature on financial options valuation; when applied to option pricing in its continuous cumulative version, it seems a promising alternative to other models, for its potential to explain option mispricing with respect to theoretical Black and Scholes prices. Empirical studies on quoted options highlight systematic differences between the market prices and the Black and Scholes model; this may be due to different causes, such as assumptions regarding the price dynamics (volatility, in particular), markets frictions, information imperfections, and investors' attitude toward risk. Normally one tries to improve the performance of models considering more complex dynamics for the prices of the underlying assets, but leaving unchanged decision maker's preferences. An alternative approach is to price options considering behavioral aspects of the operators. According to prospect theory, individuals do not always take their decisions consistently with the maximization of expected utility. Decision makers are risk averse when considering gains and risk-seeking with respect to losses. They are loss averse: people are much more sensitive to losses than they are to gains of comparable magnitude. Gambles are evaluated based on potential gains and losses relative to a reference point, rather than in terms of final wealth. Decision makers tend to underweight high probabilities and overweight low probabilities 1 . Risk attitude, loss aversion and subjective probabilities are described by two functions: a value function and a weighting function, which models probability perception. Shiller (1999) argues that the weighting function may be one of the possible causes of overpricing of out-of-the-money and in-the-money options, thus it may explain the options smile. This phenomenon could be explained in terms of the distortion in probabilities represented by the weighting function: due to the overestimation of small probabilities and underestimation of medium and large probabilities. The weighting function might even explain the down-turned corners that some smiles exhibit if at these extremes the discontinuities at the extremes of the weighting function become relevant (Shiller, 1999) . 1 Kahneman and Tversky (1979) provide empirical evidence of such behaviors.
1
The literature on behavioral finance 2 and prospect theory is huge, whereas a few studies in this field focus on financial options. A first contribution which applies prospect theory to options valuation is the work of Shefrin and Statman (1993) , who consider covered call options in a one period binomial model. A list of paper on this topic should include: Poteshman and Serbin (2003) , Abbink and Rockenbach (2006) , Breuer and Perst (2007) , and more recently Versluis et al. (2010) . Following this direction, Nardon and Pianca (2013) apply the cumulative prospect theory in the continuous case in order to evaluate European plain vanilla options, extending the model of Versluis et al. (2010) to the European put option; the authors also consider both the positions of the writer and the holder.
In this contribution, we focus on the effects on European option prices of the probability weighting function. Such a function models probabilistic risk behavior; its curvature is related to the risk attitude towards probabilities. Empirical evidence suggests a particular shape of probability weighting functions which turns out in a typical inverse-S shape: the function is initially concave (probabilistic risk seeking or optimism) for small probabilities and convex (probabilistic risk aversion or pessimism) for medium and large probabilities. A linear weighting function describes probabilistic risk neutrality or objective sensitivity towards probabilities, which characterizes Expected Utility. Empirical findings indicate that the intersection between the weighting function and the linear function (elevation) is for probability around 0.33. Curvature of the weighting function models optimism and pessimism when one moves from extreme probabilities, whereas elevation can be interpreted as a measure of relative optimism. The constant relative sensitivity weighting function proposed by Abdellaoui et al. (2010) is the only one, amongst those in the literature, which is able to model separately curvature and elevation. We are interested in studying the effects of both these features on options prices.
The rest of the paper is organized as follows. Section 2 synthesizes the main features of prospect theory. Section 3 focuses on the probability weighting function. Section 4 present the option pricing models under continuous CPT. In Section 5 numerical results are provided and discussed. Section 6 concludes.
Prospect Theory
Prospect theory 3 (PT), in its formulation proposed by Kahnemann and Tversky (1979) , is based on the subjective evaluation of prospects. Prospects assign to any possible outcome x i a probability p i ; originally PT deals only with a limited set of prospects. Let P denote the set of all prospects, a preference relation is introduced over P.
With a finite set of potential future outcomes X = {x 1 , x 2 , . . . , x n }, a prospect is a vector 4 (∆ x 1 , p 1 ; ∆ x 2 , p 2 ; . . . ; ∆ x n , p n )
Outcome ∆x i is defined relative to a certain reference point x * ; being x i the absolute outcome, we have ∆x i = x i − x * . An important difference between Expected Utility (EU) and PT is that in the former results are evaluated considering the final wealth, whereas in the latter results are evaluated through a value function v which considers only outcomes. In many applications, zero is taken as a reference point. Later, in order to simplify the notation, it will be convenient to write x i instead of ∆x i for the outcomes, but still considering outcomes interpreted as deviations from a reference point.
A value function alone is not able to capture the full complexity of observed behaviors: the degree of risk aversion or risk seeking appears to depend not only on the value of the outcomes but also on the probability and ranking of outcome. Subjective values v(∆x i ) are not multiplied by objective probabilities p i , but using decision weights π i = w(p i ).
The shape of the value function and the weighting function becomes significant in describing actual choice patterns. It is also relevant to separate gains from losses, as negative and positive outcomes may be evaluated differently: the function v is typically convex in the range of losses and concave and steeper in the range of gains; whereas subjective probabilities may be evaluated through a weighting function w − for losses and w + for gains, respectively. Let us denote with ∆x i , for −m ≤ i < 0 negative outcomes and with ∆x i , for 0 < i ≤ n positive outcomes, with ∆x i ≤ ∆x j for i < j. Subjective value of a prospect is displayed as follows:
with decision weights π i and values v(∆x i ). In the case of EU, the weights are π i = p i and the utility function in not based on relative outcomes. Cumulative prospect theory (CPT) developed by Tversky and Kahnemann (1992) overcomes some drawbacks (such as violation of stochastic dominance) of the original PT. In CPT, decision weights π i are differences in transformed 
Specific parametric forms have been suggested for the value function; some examples are reported in Table 1 . Let x be an outcome, a function which is used in many empirical studies is
with positive parameters which control risk attitude (0 < a ≤ 1 and 0 < b ≤ 1) and loss aversion (λ ≥ 1); v − and v + denote the value function for losses and gains, respectively. Function (3) has zero as reference point; it is concave for positive outcomes and convex for negative outcomes, it is steeper for losses. Parameters values equal to one imply risk and loss neutrality. Figure 1 shows an example of the value function defined by (3). In financial applications, and in particular when dealing with options, prospects may involve a continuum of values; hence, prospect theory cannot be applied directly in its original or cumulative versions. Davis and Satchell (2007) provide 
the continuous cumulative prospect value:
where
d p is the derivative of the weighting function w with respect to the probability variable, F is the cumulative distribution function (cdf) and f is the probability density function (pdf) of the outcomes.
The weighting function
Prosect theory involves a probability weighting function which models probabilistic risk behavior. A weighting function w is uniquely determined, it maps the probability interval [0, 1] into [0, 1], and is strictly increasing, with w(0) = 0 and w(1) = 1. In this work we will assume continuity of w on [0, 1], even thought in the literature discontinuous weighting functions are also considered.
The curvature of the weighting function is related to the risk attitude towards probabilities. Empirical evidence suggests a particular shape of probability weighting functions: small probabilities are overweighted w(p) > p, whereas individuals tend to underestimate large probabilities w(p) < p. This turns out in a typical inverse-S shaped weighting function: the function is initially concave (probabilistic risk seeking or optimism) for probabilities in the interval (0, p * ), and convex (probabilistic risk aversion or pessimism) in the interval (p * , 1), for a certain value of p * . A linear weighting function describes probabilistic risk neutrality or objective sensitivity towards probabilities, which characterizes Expected Utility. Empirical findings indicate that the intersection (elevation) between the weighting function and the 45 degrees line, w(p) = p, is for p * in the interval (0.3, 0.4).
The sensitivity towards probability is increased if 5
for some arbitrary small δ > 0 and ε > 0. A weighting functions exhibits decreased sensitivity if
for some arbitrary small δ > 0 and ε > 0. Some weighting functions 6 display extreme sensitivity, in the sense w(p)/p and (1 − w(p))/(1 − p) are unbounded as p tends to 0 and 1, respectively.
As already noticed, empirical studies on probability perception suggest the typical inverse-S shaped form for w, which combines the increased sensitivity with concavity for small probabilities and convexity for medium and large probabilities. In particular, such a function captures the fact that individuals are extremely sensitive to changes in (cumulative) probabilities which approach to 0 and 1. Abdellaoui et al. (2010) discuss how optimism and pessimism are possible sources of increased sensitivity.
Different parametric forms for the weighting function with the above mentioned features have been proposed in the literature, and their parameters have been estimated in many empirical studies. Single parameter probability weighting functions are those proposed by Karmarkar (1978 Karmarkar ( , 1979 , Rell (1987) 
where γ is a positive constant (with some constraint in order to have an increasing function). Note that w(0) = 0 and w(1) = 1. The parameter γ captures the degree of sensitivity toward changes in probabilities from impossibility (zero probability) to certainty (Tversky and Kahneman, 1992 ). When γ < 1, one obtains the typical Table 2 : Alternative probability weighting functions Wu and Gonzales (1996) w
inverse-S shaped form; the lower the parameter, the higher is the curvature of the function. Considering function (5), in equation (4) we have:
Prelec (1998) suggests a two parameter function of the form
with w(0) = 0 and w(1) = 1. The parameter δ (with 0 < δ < 1) governs elevation of the weighting function relative to the 45 o line, while γ (with γ > 0) governs curvature and the degree of sensitivity to extreme results relative to medium probability outcomes. When γ < 1, one obtains the inverse-S shaped function. In this model, the parameter δ influences the tendency of over-or under-weighting the probabilities, but it has no direct meaning.
As an alternative, we also consider the more parsimonious single parameter Prelec's weighting function
which only allows for curvature to be varied. Note that in this case, the unique solution of equation w(p) = p for p ∈ (0, 1) is p = 1/e ≃ 0.367879 and does not depend on the parameter γ.
For function (7) one easily obtains (8) for different values of the parameters. As the parameters tend to the value 1, the weight tends to the objective probability and the function w approaches the 45 o line. One can assume different parameters for probabilities when the outcome is in the domain of gains or losses.
In their empirical study, Wu and Gonzales (1999) consider both the Prelec (1998) weighting function and the linear in log odds function proposed by Goldstein and Einhorn (1987),
and used in a variant functional form by Lattimore et al. (1992) . Function (10) has also been used by Tversky and Fox (1995) , Birnbaum and McIntosh (1996) , and Kilka and Weber (2001). The weighting function proposed by Karmarkar (1978 Karmarkar ( , 1979 ) is the special case of (10) with δ = 1. An interesting parametric function is the switch-power weighting function 7 proposed by Diecidue et al. (2009), which consists in a power function for probabilities below a certain valuep ∈ (0, 1) and a dual power function for probabilities abovep; formally w is defined as follows: 
and
For a, b ≤ 1, the function w is concave on (0,p) and convex on (p, 1) (hence it has an inverse-S shaped form), while for a, b ≥ 1 the weighting function in convex for p <p and concave for p >p (hence it has an S-shaped form). Both parameters a and b govern the curvature of w when a ̸ = b. In particular, parameter a describes probabilistic risk attitude for small probabilities; whereas parameter b describes probabilistic risk attitude for medium and large probabilities. In the case when a ̸ = b, parameterp, which signals the point where probabilistic risk attitudes change from risk aversion to risk seeking (in the case of an inverse-S shaped weighting function), may not lie on the 45 o line, hence it has not the meaning of dividing the region of over-and under-weighting of the probability. When a = b, then w intersects the 45 o line atp. In such a case, one obtains the following two parameter probability weighting function
This is the same form as the constant relative sensitivity weighting function considered by Abdellaoui et al. 
with γ > 0 and δ ∈ [0, 1]. For γ < 1 and 0 < δ < 1 it has an inverse-S shape. The derivative of w at δ equals γ; this parameter controls for the curvature of the weighting function. The parameter δ indicates whether the interval for overweighting probabilities is larger than the interval for underweighting, and therefore controls for the elevation. Hence, such a family of weighting functions allows for a separate modeling of these two features.
Remember that a convex weighting function characterizes probabilistic risk aversion and a concave weighting function characterizes probabilistic risk proneness 8 . Then the role of δ is to demarcate the interval of probability risk seeking from the interval of probability risk aversion 9 . In such a case, overweighting corresponds to risk seeking (or optimism) and underweighting corresponds to risk proneness (or pessimism). Elevation represents the relative strength of optimism vs. pessimism, hence it is a measure of relative optimism, and δ may be interpreted as an index of relative optimism.
The intersection between the weighting function and the 45 degrees line, w(p) = p, is for p in the interval (0.3, 0.4). Gonzales and Wu (1999) and Abdellaoui et al. Curvature is a measure of the degree of sensitivity to changes from impossibility to possibility (Tversky and Kahneman, 1992) , it represents the diminishing effect of optimism and pessimism when moving away from extreme probabilities 0 and 1. Hence parameter γ, controlling for curvature, measures relative sensitivity of the weighting function. This suggests an interpretation for the parameter γ as a measure of relative risk aversion. The index of relative sensitivity (see
which is constant on the interval (0, 1) and equals 1 − γ. For this reason, probability functions of the form (15) are called constant relative sensitivity (CRS) weighting functions. Gonzales and Wu (1999) discuss the importance of modeling curvature and elevation independently, providing psychological interpretation. To our knowledge, the functional form in (15) is the only one, amongst those in the literature, which is able to capture separately the effects of curvature and elevation.
European options valuation
We evaluate European financial options within continuous CPT; in particular, in the applications we use the CRS weighting function defined in the previous section. Versluis et al. (2010) provide the prospect value of writing call options, considering different time aggregation of the results. Their results are extended to the case of put options in Nardon and Pianca (2013); the authors also consider the problem both from the writer's and holder's perspective.
Let S t be the price at time t (with t ∈ [0, T ]) of the underlying asset of a European option with maturity T ; in a Black-Scholes setting, the underlying price dynamics is driven by a geometric Brownian motion. Let c be the call option premium with strike price X. At time t = 0, the option's writer receives c and can invest the premium at the risk-free rate r, obtaining c e rT . At maturity, he has to pay the amount S T − X if the option expires in-the-money.
Considering zero as a reference point (status quo), the prospect value of the writer's position in the time segregated case is
with f and F being the pdf and the cdf 10 of the future underlying price S T , and v 10 The probability density function (pdf) of the underlying price at maturity S T is
is defined as in (3). In equilibrium, we equate V s at zero and solve for the price c:
which requires numerical approximation of the integral. When considering the time aggregated prospect value, one obtains
In this latter case, the option price in equilibrium has to be determined numerically.
In order to obtain the value of a European put option, we can no longer use put-call parity arguments. Let p be the put option premium at time t = 0; the prospect value of the writer's position in the time segregated case is
and one obtains
In the time aggregated case the put option value is implicitly defined equating at zero the following expression
which has to be solved numerically for p.
where µ and σ > 0 are constants, and the cumulative distribution function (cdf) is
where Φ(·) is the cdf of a standard Gaussian random variable.
Option valuation from holder's perspective
When one considers the problem from the holder's viewpoint, the prospect values both in the time segregated and aggregated cases changes. Holding zero as reference point, the prospect value of the holder's position for a call option in the time segregated case is
with f and F being the pdf and the cdf defined in (18) and (19) of the future underlying price S T , and v is defined as in (3).
We equate V h s at zero and solve for the price c, obtaining:
In the time aggregated case, the prospect value has the following integral representation:
In order to obtain the call option price in equilibrium, one has to solve numerically for c.
In an analogous way one can derive the put option prospect values for the holder's position. In the segregated case the prospect value is
Equating at zero and solving for the price p, one obtains
Finally, in the time aggregated setting, the prospect value from holder's viewpoint is In the time aggregated case, the prospect value has the following integral representation:
The put option value is implicitly defined by the equation V h a = 0.
Results and sensitivity analysis
In this contribution, we perform a wide sensitivity analysis on call and put options values considered from writer's perspective, computed with the models presented in the previous section. We have calculated the options prices both in the time segregated and aggregated case. We applied alternative weighting functions and, in particular, we report the results for the CRS weighting function (15) proposed by Abdellaoui et al. (2010) . We let vary the parameters γ ∈ [0.7, 1.0] and δ ∈ [0.3, 0.4], considering also different sensitivity to probability risk for positive and negative outcomes (γ + ̸ = γ − and δ + ̸ = δ − ). For the value function, we compared different parameters sets, ranging from TK sentiment (see Tversky and Kahnemann, 1992 ) to more moderate sentiment; a linear function (with a = b = 1 and λ = 1) is considered as a limiting case (no sentiment). We computed the option prices for several values of the volatility and the strike price X. The choice of the values of the parameters γ + and γ − is motivated in order to obtain realistic option prices. TK sentiment parameters yield too high options prices, in particular in the segregated case 11 ; 10 % and 20 % of the TK sentiment yield results more in line with market prices. The choice of δ is suggested by empirical evidence, as noticed above.
It is worth noting that, when we set µ = r, a = b = 1, λ = 1, and γ = 1, we obtain the same results as in the Black-Scholes (BS) model.
Numerical results suggest that option prices are increasing with δ (elevation) within the interval [0.3, 0.4]; prices increase at a decreasing rate 12 ; the effect is more important the lower is γ (the higher the curvature).
The effect of γ (curvature) is non-trivial, depending on the moneyness and the model (time-aggregated or segregated) which is used. In particular, in the time-aggregated model (writer's perspective), option prices are decreasing with respect to γ; in the time-segregated model (writer's perspective), option prices are decreasing with respect to γ, with the exception of deep-in-the-money calls and puts.
Tables 3-8 report the results for the European calls and puts in the timeaggregated models, from writer's perspective, for different strikes and elevation.
11 See Versluis et al. (2010) and Nardon and Pianca (2013). 12 Note that this is true with some rare exceptions, which may be due to possible round-off errors in the numerical procedure applied in order to approximate the integrals and to numerically solve the equations presented in the previous section. Another exception is the case of deep-in-the-money puts, from holder's perspective, as highlighted in Table 14 14 Similar results are obtained in the time-segregated model, but are not reported in the paper. Here we focus on the effect of elevation. In these examples, the parameters of the value function a, b and λ are fixed; we assume moderate sensitivity of the value function. We consider δ + = δ − and γ + = γ − . The parameter δ is letting vary in the interval [0.3, 0.4]. As regards the parameter γ, we calculate option prices for a wide interval ranging from γ = 0.7 (which is closer to the value used by Tversky and Kahnemann, 1992) to γ = 1 (in this latter case the only effect of the value function applies). We observe that for lower values of γ, options prices deviates sensitively from Black-Scholes prices. Tables 9-14 report the results for the European calls and puts in the timeaggregated models, from holder's perspective, for different strikes and elevation. Figure 4 shows some results for the call and put options in the time-aggregated model; in these cases, option premia are decreasing with curvature. Note that writer's prices are always above BS prices 13 .
Concluding remarks
In this contribution we applied the constant relative sensitivity weighting function proposed by Abdellaoui et al. (2010), within the framework of CPT in its continuous version, to price European options. The CRS weighting function allow for separate modeling of curvature and elevation, which have an interesting interpretation in terms of probabilistic optimism and pessimism. We performed a number of numerical experiments in order to study the effect of curvature and elevation on option prices. 
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